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Abstract
In the present work we formulate uniqueness theorems for the problem of propagation of longitudinal
monochromatic waves in a linear theory of elasticity with microstructure where disturbance is represented by a train
of harmonic waves. The corresponding boundary value problems of Dirichlet and Neumann type are formulated
together with appropriate Sommerfeld radiation conditions in the case of the exterior domain and the uniqueness
results are established.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
The theory of micropolar (Cosserat) elasticity [1] has been developed to account for discrepancies
between the classical theory and experiments when the effects of material microstructure were known to
significantly affect the body’s overall deformation, for example, in the case of granular bodies with large
molecules (e.g. polymers) or human bones (see [2–4]). Significant progress has been achieved in this
direction for the last 30 years (see [5] for a review of works in this area and an extensive bibliography),
but investigations have been mainly confined to the problems of elastostatics. A dynamic problem of
wave propagation in the three-dimensional elastic micropolar space was formulated by Kupradze in [6].
However, a rigorous treatment of the corresponding boundary value problems in the anti-plane case when
waves propagate in an infinite cylinder of any arbitrary cross-section in the direction of the generators
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of the cylinder or in the unbounded anti-plane space is, to the author’s knowledge, still absent from the
literature. The main difficulties which arise here are when we try to apply Helmholtz’s theorem to a
solution of the governing equations in the exterior domain. The decomposition is not as straightforward
as in the classical elasticity. Only one part satisfies a Helmholtz equation, and so we can impose only
one Sommerfeld-type radiation condition.
In this work, we introduce time dependency into the theory of anti-plane micropolar elasticity
presented in [7] by considering the case where all applied forces and hence displacement, strain and stress
components are periodic functions of time. Furthermore, we find that uniqueness is guaranteed, provided
that the frequency of oscillation is greater than a fixed constant multiple of the speed of longitudinal
waves in an infinite micropolar medium.
2. Preliminaries
In what follows, Greek and Latin indices take the values 1, 2 and 1, 2, 3, respectively, the convention
of summation over repeated indices is understood, and a superscript ‘T’ indicates matrix transposition.
Let S be a domain in R2 bounded by a closed C2-curve ∂S and occupied by a homogeneous and
isotropic linearly elastic micropolar material with elastic constants λ,µ, α, β, γ and κ . The state of
micropolar anti-plane shear is characterized by a displacement field u(x ′) = (u1(x ′), u2(x ′), u3(x ′))T
and a microrotation field Φ(x ′) = (φ1(x ′), φ2(x ′), φ3(x ′))T of the form uα(x ′) = 0, u3(x ′) = u3(x),
φ3(x ′) = 0, φα(x ′) = φα(x), where x ′ = (x1, x2, x3) and x = (x1, x2) are generic points in R3 and
R
2
, respectively. In the absence of body forces and moments, we find that the equations of motion of
micropolar anti-plane shear written in terms of displacements and microrotations are given by
L(∂x)u(x) = F(x, t), x ∈ S, (1)
in which now, denoting φα by uα, we have u(x) = (u1, u2, u3)T, and the matrix partial differential
operator L(∂x) = L(∂/∂xα) is defined in as
=

(γ + κ)∆− 4α + (β + γ − κ)ξ
2
1 (β + γ − κ)ξ1ξ2 2αξ2
(β + γ − κ)ξ1ξ2 (γ + κ)∆− 4α + (β + γ − κ)ξ22 −2αξ1−2αξ2 2αξ1 (µ + α)∆

 ,
where ∆ = ξαξα .
Together with L we consider the boundary stress operator T (∂x) = T (∂/∂xα) defined by
T (ξ) = T (ξα)
=

(2γ + β)ξ1n1 + (γ + κ)ξ2n2 (γ − κ)ξ2n1 + βξ1n2 2αn2(γ − κ)ξ1n2 + βξ2n1 (γ + κ)ξ1n1 + (2γ + β)ξ2n2 2αn1
0 0 (µ + α)ξαnα

 ,
where n = (n1, n2)T is the unit outward normal to ∂S and the vector
F(x, t) =
(
J
∂2u1
∂t2
, J
∂2u2
∂t2
, ρ
∂2u3
∂t2
)T
where ρ is the mass density and J is the moment of inertia.
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Further, we assume that the time dependency is periodic, that is the waves are monochromatic;
consequently F(x, t) may be represented in the form
F(x, t) = Re[ f (x)e−iωt ], (2)
where ω ∈ R is the frequency of oscillation and f = f1 + i f2 is some complex-valued function.
Substituting (2) in (1) we obtain that in terms of u(x) = (u1, u2, u3)T, system (1) becomes
L(∂x) +

Jω
2 0 0
0 Jω2 0
0 0 ρω2



 u(x) = 0. (3)
Throughout what follows we assume the following restrictions on the elastic constants of the
material [7]:
2γ + β > 0, κ, α, γ, µ > 0. (4)
3. Expansion of a regular solution
To obtain the analytical solution to system (3) we have to prove the following theorem.
Theorem 1. Any regular solution of system (3) admits in the domain of regularity a representation
u(x) =
(
∂Φ
∂x1
− ∂Ψ
∂x2
,
∂Φ
∂x2
+ ∂Ψ
∂x1
, u3
)
such that
(∆+ k21)(∆+ k22)Ψ = 0 (i)
(∆+ k21)(∆+ k22)u3 = 0 (ii)
(∆+ k23)Φ = 0 (iii)
where
k21 + k22 =
4α2 + Jω2 − 4α + ρω2(γ + ε)
(µ + α)(γ + ε) ,
k21k
2
2 =
ρω2(Jω2 − 4α)
(µ + α)(γ + ε) , k
2
3 =
(Jω2 − 4α)
2γ + β .
Proof. The fact can be proven by a direct verification following the procedure discussed in [8]. 
4. Radiation conditions
Let S+ ≡ S and S− ≡ R2 \ (S+ ∪ ∂S). We now consider solutions of (3) in the domain S−. Clearly,
since the domain of interest now extends to infinity, we must consider the behavior of any solution of (3)
at infinity.
In the history of uniqueness theorems for oscillation problems, a great role was played by the radiation
conditions of the Sommerfeld type for the Helmholtz equation. They were later generalized for the
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elastodynamic problem by Kupradze [9]. To proceed further we establish suitable radiation conditions
and asymptotic estimates for the functions Ψ (x), Φ(x) and u3(x).
Definition 2. Let x ∈ S−. Then, as |x | = R → ∞,
Ψ (x) = o(R−1/2), ∂Ψ
∂xα
(x) = O(R−1); (5)
Φ(x) = O(R−1/2), ∂Φ
∂ R
(x) − ik3Φ(x) = o(R−1/2); (6)
u3(x) = o(R−1/2), ∂u3
∂xα
(x) = O(R−1). (7)
5. Boundary value problems
Let f and g be continuous (3 × 1) matrices prescribed on ∂S. Consider the following Dirichlet and
Neumann boundary value problems in the exterior domain S−.
(D−) Find a regular solution u of (3) in the domain S−, satisfying the radiation conditions (5)–(7)
and the boundary condition
u(x) = f (x), x ∈ ∂S.
(N−) Find a regular solution u of (3) in the domain S− satisfying the radiation conditions (5)–(7) and
the boundary condition
T (∂x, n)u(x) = g(x), x ∈ ∂S,
where n is the unit outward normal to ∂S.
6. Uniqueness theorem
Theorem 3. (D−) and (N−) have at most one solution provided that ω2 > 4α/J .
Proof. Consider system (3). As we stated above it is clear that finding an analytical solution to system
(3) is equivalent to the determination of functions Φ and Ψ satisfying system (4).
Let Ω = (∆+ k22)Ψ . Then, by Theorem 1(i) (∆+ k21)Ψ = 0 in S−. Consider the integral∫
∂KR
|Ω |2 dS, (8)
where ∂K R is the circumference of a circle, radius R, sufficiently large to enclose ∂S. Using the
asymptotic estimates on Ψ (5), it is a straightforward exercise to show that
lim
R→∞
∫
∂KR
|Ω |2 dS = 0. (9)
Since Ω solves a Helmholtz equation with k21 > 0, we can use (9) and Rellich’s Lemma [9] to deduce
that Ω = 0 in S−. That is,
(∆+ k22)Ψ = 0 in S−.
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As above, (5) gives us that
lim
R→∞
∫
∂KR
|Ψ |2 dS = 0.
Rellich’s Lemma with k22 > 0 then leads us to
Ψ = 0 in S−. (10)
Similarly, starting from (ii), we obtain
u3 = 0 in S−. (11)
Applying the reciprocity relation for the elastostatic anti-plane shear deformations of Cosserat solids [7]
to a regular solution of (3) in the bounded region S− ∧ K R, we obtain∫
∂S+KR
[
uTT u − uTT u
]
dS = 0. (12)
Next, following standard procedures for uniqueness proofs in the theory of boundary value problems,
we impose zero Dirichlet or Neumann conditions on ∂S, so that (12) becomes∫
KR
[
uTT u − uTT u
]
dS = 0. (13)
Further, substituting u(x) in the form represented in Theorem 1 into (13), accounting for (6) and the
conditions (4) imposed on the elastic constants, following exactly the procedure described in [8] to
prove the uniqueness theorems for oscillations of plates we obtain when R → ∞
lim
R→∞
∫
∂KR
|Φ|2 dS = 0. (14)
Theorem 1 (ii), (14) and Rellich’s Lemma now imply that
Φ = 0 in S−. (15)
Hence, in view of (10), (11) and (15)
u(x) = 0 in S−,
which completes the proof. 
Remark 4. The condition ω2 > 4α/J is necessary to ensure that k2i > 0 and hence justify the use of
Rellich’s Lemma.
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